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Topological insulators and superconductors in different spatial dimensions and with different dis-
crete symmetries have been fully classified recently, revealing a periodic structure for the pattern
of possible types of topological insulators and supercondutors, both in terms of spatial dimensions
and in terms of symmetry classes. It was proposed that K-theory is behind the periodicity. On
the other hand, D-branes, a solitonic object in string theory, are also known to be classified by
K-theory. In this paper, by inspecting low-energy effective field theories realized by two parallel
D-branes, we establish a one-to-one correspondence between the K-theory classification of topolog-
ical insulators/superconductors and D-brane charges. In addition, the string theory realization of
topological insulators and superconductors comes naturally with gauge interactions, and the Wess-
Zumino term of the D-branes gives rise to a gauge field theory of topological nature, such as ones
with the Chern-Simons term or the θ-term in various dimensions. This sheds light on topological
insulators and superconductors beyond non-interacting systems, and the underlying topological field
theory description thereof. In particular, our string theory realization includes the honeycomb lat-
tice Kitaev model in two spatial dimensions, and its higher-dimensional extensions. Increasing the
number of D-branes naturally leads to a realization of topological insulators and superconductors
in terms of holography (AdS/CFT).
PACS numbers: 72.10.-d,73.21.-b,73.50.Fq
I. INTRODUCTION
The integer quantum Hall effect (IQHE) is one of the
most striking phenomenon in the d = 2-dimensional elec-
tron system under a strong magnetic field, and has been
one of the central topics in condensed matter physics.
As well-known, the Hall conductance is quantized when
the electronic ground state has a non-trivial topological
structure.
With the recent discovery of the quantum spin Hall ef-
fect (QSHE) in d = 2 and the Z2 topological insulator in
d = 3 [1–14], it has become clear that topological phases
can exist in a much wider context, i.e., in the spatial
dimension other then d = 2, and without strong time-
reversal symmetry (TRS) breaking by a magnetic field.
The QSHE and d = 3-dimensional Z2 topological insula-
tor can be thought of as a close cousin of the IQHE, but
different from the IQHE in many essential ways: these
states can exist only when time-reversal symmetry is re-
spected, and can be either two- or three-dimensional.
Furthermore, Z2 topological insulators are characterized
by a binary topological number, unlike the integral Hall
conductivity in the IQHE. Recent experiments confirmed
HgTe quantum well and Bismuth-related materials, both
of which have strong spin-orbit coupling, indeed realize
such non-trivial Z2 topological phases.
The Bloch wavefunctions in the IQHE or the Z2 topo-
logical insulator in d = 2 (the QSHE) and in d = 3 have
non-trivial topology, detected by an integer or a binary
topological number. For superconductors (superfluid),
at least within the BCS meanfield theory, it is possible
the wavefunctions of fermionic Bogoliubov quasiparticles
carry non-trivial topological characters, very much the
same way as the electronic wavefunctions in the IQHE
or the Z2 topological insulator, in particular when fully
gapped (i.e., a quasiparticle gap opens for entire momen-
tum space); such superconductors (superfluid) can be
called topological superconductor (superfluid). A well-
known example of such topological superconductor is the
d = 2-dimensional chiral p-wave superconductor which
has a px + ipy-wave superconducting order parameter.
For non-interacting fermions, an exhaustive classifi-
cation of topological insulators (TIs) and superconduc-
tors (TSCs) is proposed in Refs. [15, 16]: TIs/TSCs
are classified in terms of spatial dimensions d and the
10 = 2 + 8 symmetry classes (two “complex” and eight
“real” classes), each characterized by presence/absence
of discrete symmetries such as time-reversal symmetry
(TRS or T), particle-hole symmetry (PHS or C), and
chiral (or sublattice) symmetry (SLS or S). (Table I).
In relativistic field theories, the first two are the same as
the usual T and C symmetries. For any system which has
both T and C symmetries, S symmetry (SLS) is realized
as a product C·T, while it can exist on its own, even with-
out T and C symmetries. The ten symmetry classes are in
one-to-one correspondence to the Riemannian symmetric
spaces without exceptional series (described in Table II)
[18–21], and to K-theory classifying spaces [16, 17]. For
example, the integer QHE, QSHE, and Z2 TI are a topo-
logically non-trivial state belonging to class A (d = 2),
AII (d = 2), and AII (d = 3), respectively.
2The classification reveals a periodicity both in spatial
dimensions d and in symmetry classes, and hence is often
called “periodic table” of TIs/TSCs. Not only it incor-
porate many of previously known topological phases, it
also predicted new topological phases; e.g., the B phase
of 3He was newly identified as a topological phase; the
existence of the d = 3-dimensional topological singlet su-
perconductor was predicted, and verified by an explicit
construction of a lattice model of the BCS superconduc-
tor [22].
The complete classification of non-interacting TIs and
TSCs opens up a number of further questions, most in-
teresting among which are interaction effects[23]: Do
non-interacting topological phases continue to exist in
the presence of interactions? Can interactions give rise
to novel topological phases other than non-interacting
TIs/TSCs? What is a topological field theory underly-
ing TIs/TSCs, which can potentially describe TIs/TSCs
beyond non-interacting examples?, etc.
On the other hand, the ten-fold classification of
TIs/TSCs reminds us of D-branes, which are fundamen-
tal objects in string theory, and are also classified by
K-theory [24, 25] (Table III) via the open string tachyon
condensation [26, 27]. It is then natural to speculate a
possible connection between TIs/TSCs and of D-branes
[28]. In this paper, we propose a systematic construction
of TIs/TSCs in terms of various systems composed of two
kinds of D-branes (Dp- and Dq-branes), possibly with an
orientifold plane (O-plane). Besides the appealing math-
ematical similarity between TIs/TSCs and D-branes, re-
alizing TIs/TSCs in string theory has a number of merits,
since string theory and D-branes are believed to be rich
enough to reproduce many types of field theories and in-
teractions in a fully consistent and UV complete way. In-
deed, our string theory realizations of TIs/TSCs give rise
to massive fermion spectra, which are in one-to-one cor-
respondence with the ten-fold classification of TIs/TSCs,
and come quite naturally with gauge interactions. These
systems, while interacting, are all topologically stable,
as protected by the K-theory charge of D-branes. We
thus make a first step toward understanding interacting
TIs/TSCs. Our approach also reveals the connection be-
tween the number of symmetry classes of TIs/TSCs and
the critical dimension of superstring theory (=10), via
the Bott periodicity of K-theory.
In Dp-Dq-systems, massive fermions arise as an open
string excitation between the two D-branes. The distance
between the branes corresponds to the mass of fermions.
Open strings ending on the same D-branes give rise to
a gauge field, which we call Aµ (Dp) and A˜µ (Dq) with
gauge group G and G˜, respectively, and couple to the
fermions (they are identified as in Table IV). These two
gauge fields play different roles in our construction: The
gauge field Aµ “measures” the K-theory charge of the Dq-
brane, and in that sense it can be interpreted as an “ex-
ternal” gauge field. In this picture, the Dq-brane charge
is identified with the topological (K-theory) charge of
TIs/TSCs. On the other hand, A˜µ is an internal degree
of freedom on the Dq-brane.
The massive fermions can be integrated out, yielding
the description of the topological phase in terms of the
gauge fields. The resulting effective field theory comes
with terms of topological nature, such as the Chern-
Simons (CS) or the θ-terms. In our string theory setup,
they can be read off from the Wess-Zumino (WZ) ac-
tion of the D-branes, by taking one of the D-branes as
a background for the other. In our construction of the
QSHE (i.e. AII d=2), the brane system consists of a
Dp-brane and a Dq-Dq system, where Dq denotes an
anti Dq-brane, which has the opposite Ramond-Ramond
charge to the Dq-brane. The Dp-brane has an SU(2)
gauge field and the Dq-Dq system has a U(1) gauge field.
The former couples to the SU(2) spin rotation, while
the latter is the usual electric-magnetic field. The in-
tegration of massive fermions between the Dp-brane and
Dq-Dq system produces the double Chern-Simons cou-
pling, which agrees with the previously proposed descrip-
tion of quantum spin Hall effect. One can view these
gauge-interacting TIs/TSCs from Dp-Dq-systems as an
analogue of the projective (parton) construction of the
(fractional) QHE [29].
Our string theory realization of TIs/TSCs sheds light
on extending the projective construction of the QHE to
more generic TIs/TSCs; it tells us what type of gauge
field is “natural” to couple with fermions in topological
phases, and guarantees the topological stability of the
system.
This paper is organized as follows. In Sec. II, we will
present our D-brane construction of TIs/TSCs for two
“complex” symmetry classes A and AIII, which corre-
spond to the complex K-group. Expecting readers from
both high-energy and condensed matter communities,
the underlying principles of the construction are sum-
marized in Sec. II A, together with a brief but pedagog-
ical review of D-branes and open strings. In Sec. III,
we will give D-brane constructions for remaining eight
classes which are classified by the real K-group. This
will be followed by a detailed comparison between the D-
brane system and topological phases in condensed matter
physics in Sec. III F. In section IV, we will draw conclu-
sions and discuss future problems. In Appendix A, we
gave a brief explanation on the open string spectrum in
the presence of D-branes and orientifolds. This paper is
an extend version of our previous brief report [30].
II. D-BRANE CONSTRUCTION FOR
COMPLEX CASE
A. Basic Strategy
1. open string and D-branes
To realize a TI/TSC in string theory, we need massive
fermions, which are charged under some gauge field. One
of the simplest setups in string theory which gives rise to
3class\d 0 1 2 3 4 5 6 7 T C S
A Z 0 Z 0 Z 0 Z 0 0 0 0
AIII 0 Z 0 Z 0 Z 0 Z 0 0 1
AI Z 0 0 0 2Z 0 Z2 Z2 + 0 0
BDI Z2 Z 0 0 0 2Z 0 Z2 + + 1
D Z2 Z2 Z 0 0 0 2Z 0 0 + 0
DIII 0 Z2 Z2 Z 0 0 0 2Z − + 1
AII 2Z 0 Z2 Z2 Z 0 0 0 − 0 0
CII 0 2Z 0 Z2 Z2 Z 0 0 − − 1
C 0 0 2Z 0 Z2 Z2 Z 0 0 − 0
CI 0 0 0 2Z 0 Z2 Z2 Z + − 1
TABLE I: Classification of topological insulators and super-
conductors [15, 16]; d is the space dimension; the left-most
column (A, AIII, . . ., CI) denotes the ten symmetry classes of
fermionic Hamiltonians, which are characterized by the pres-
ence/absence of time-reversal (T), particle-hole (C), and chi-
ral (or sublattice) (S) symmetries of different types denoted
by ±1 in the right most three columns. The entries “Z”, “Z2”,
“2Z”, and “0” represent the presence/absence of topological
insulators and superconductors, and when they exist, types
of these states (see Ref. [15] for detailed descriptions).
Cartan label Riemannian Symmetric Spaces
A U(N)× U(N)/U(N)
AIII U(N +M)/U(N)× U(M)
AI U(N)/O(N)
BDI O(N +M)/O(N)×O(M)
D O(N)×O(N)/O(N)
DIII SO(2N)/U(N)
AII U(2N)/Sp(2N)
CII Sp(N +M)/Sp(N)× Sp(M)
C Sp(2N) × Sp(2N)/Sp(2N)
CI Sp(2N)/U(N)
TABLE II: Cartan classification of Riemannian symmetric
spaces [21].
charged massive fermions is a system that consists of two
kinds of D-branes: Dp- and Dq-branes.
A Dp-brane is a solitonic object in string theory whose
world volume is (p+1)-dimensional. For our purposes, a
Dp-brane can simply be regarded as a (p+1)-dimensional
D(−1) D0 D1 D2 D3 D4 D5 D6 D7 D8 D9
type IIB Z 0 Z 0 Z 0 Z 0 Z 0 Z
O9− (type I) Z2 Z2 Z 0 0 0 Z 0 Z2 Z2 Z
O9+ 0 0 Z 0 Z2 Z2 Z 0 0 0 Z
TABLE III: Dp-brane charges from K-theory, classified by
K(S9−p), KO(S9−p) and KSp(S9−p) [24]. A Z2 charged Dp-
brane with p even or p odd represents a non-BPS Dp-brane
or a bound state of a Dp and an anti-Dp brane, respectively
[26].
G class\d 0 1 2 3 4 5 6 7
U A U - U - U - U -
U AIII - U - U - U - U
O AI O - - - Sp - U O
O BDI O O - - - Sp - U
O D U O O - - - Sp -
O DIII - U O O - - - Sp
Sp AII Sp - U O O - - -
Sp CII - Sp - U O O - -
Sp C - - Sp - U O O -
Sp CI - - - Sp - U O O
TABLE IV: External G (left-most column) and internal G˜
gauge groups for each spatial dimension d and symmetry class;
U, O, Sp, represents U(1), O(1) = Z2, and Sp(1) = SU(2),
respectively.
plane (for more details refer to, for example, Ref. [31]).
An open string can ends at a D-brane, i.e., a D-brane is
defined as the set of end points of open strings. In other
words, an open string attached to a Dp-brane satisfies the
Neumann boundary condition in the (p + 1) directions
parallel with the D-brane, while it satisfies the Dirichlet
boundary condition in the remaining (9 − p) directions
orthogonal to the D-brane.
An open string has two end points, and in the presence
of N coincident Dp-branes, say, these two ends can be
attached to any one of the N Dp-branes. Open string
states can thus be labeled, in addition to momentum and
Fock-space states labeling the internal degrees of freedom
of the string, by an entry of an N×N matrix (the Chan-
Paton matrix). Indeed we can show a (p+1)-dimensional
U(N) gauge theory lives on the N coincident Dp-branes.
In our construction, the gauge field on the Dp-brane and
Dq-brane are denoted by Aµ and A˜µ, which are called
the external and internal gauge field, respectively. See
(a) in Fig.1.
Open string excitations between the Dp- and Dq-
branes give rise to fermions. (In addition, scalar bosons,
which is not our main focus in this paper, appear some-
time as we explain below.) The mass m of these fermions
are proportional to the distance ∆x between the Dp- and
Dq-branes, given by m = Tstring∆x, where Tstring is the
string tension (often denoted by Tstring ≡ 1/(2πα
′)). We
define the common dimension of the Dp- and Dq-branes
to be d+1 and the TIs/TSCs in our construction live in
the d + 1 dimensions because the massive fermions are
confined in this directions.
One of the reasons why our strategy to construct
topological phases is based on realizing charged mas-
sive fermions is that, in the presence of a certain defect
(boundary), quite generically, such fermions give rise to
modes localized at the defect (boundary) – a defining
property of TIs/TSCs. (In reality, the appearance of such
a boundary is to some extent inevitable when we attach
probes to measure various physical quantities.) These
points will further be elaborated in Sec. II D.
42. Neumann-Neumann, Dirichlet-Dirichlet, and
Neumann-Dirichlet directions
The most important characteristics of such D-brane
systems are the boundary conditions of open strings
stretching between the Dp- and Dq-branes, as they are
the origin of the charged fermions. Since an open string
has two end points each of which satisfies either the Neu-
mann (N) or Dirichlet (D) boundary condition, we dis-
tinguish three possibilities, i.e., (i) both ends satisfy the
N boundary condition (NN), (ii) both ends satisfy the
D boundary condition (DD), and (iii) mixed boundary
condition where one end satisfies the N boundary condi-
tion while the other satisfies the D boundary condition
(ND). The number of these directions, denoted by #NN,
#DD and #ND, are completely fixed once we determine
the directions in which the D-branes extend. Since the
total spacetime dimensions of superstring (called critical
dimension) is ten, they are subjected to the constraint,
#NN +#DD +#ND = 10. (1)
In our construction, #NN and #DD have a physical
meaning; #NN is equal to the spacetime dimensions of
TIs/TSCs, #NN = d+1, while #DD represents the num-
ber of possible mass deformations (types of mass pertur-
bations which can be added to the charge fermion sys-
tem).
In string theory, there is a very important symmetry
called T-duality. If we take a T-duality in a NN or DD
direction, the dimension d decreases or increases since
T-duality turns a NN (DD) direction into a DD (NN)
direction, respectively. At the same time, type IIA and
IIB string theory are exchanged with each other. On
the other hand, T-duality in a ND direction separately
preserves #NN, #DD and #ND. This does not change
the dimensions d of TIs/TSCs, while p and q are shifted.
Therefore, this degree of freedom, taking T-duality in
ND directions, can be thought as somewhat redundant
for our purposes, and we can make use of it to fix the
value of p.
Once we fix p (we choose p = 5 for the most part of
this section), each brane system is completely classified
by the two integers #NN = d+1 and #DD. They encode
the information how the Dq-brane is embedding into the
ten dimensional spacetime. In this picture, the Dq-brane
charge is identified with the topological charges of the
TIs/TSCs. Indeed, both are classified by K-theory.
Properties of the system realized in the string spectrum
for an open string stretching between the Dp- and Dq-
branes depend sensitively on #NN, #DD and #ND. For
example, when #ND ≤ 4, the Dp-Dq open string includes
scalar bosons in addition to a massive fermion. Moreover,
when #ND ≤ 3, they become tachyons which makes the
brane system unstable; this constraints the possible val-
ues of #NN, #DD and #ND to realize TIs/TSCs.
Furthermore, we will focus on the cases with #DD =
1, 2, as these cases lead to a stable gapless mode, once
we introduce a boundary to the system. Studying the
open string spectrum between the Dp- and Dq-branes for
#DD ≥ 3, we find a stable (=tachyon free) configuration
if #DD ≤ 5 − d. Thus it is possible to consider brane
systems with #DD = 3, 4 in order to realize TIs/TSCs
in d = 1, 2. However, since these examples have more
#DD directions as compared with the realizations with
#DD = 1, 2, they can simply be regarded as multiple
copies of class A or AIII TIs/TSCs. In other words, these
new configurations have the non-abelian global symmetry
given by SO(#DD), and if we mod out the system by this
symmetry, it reduces to the previous cases. Therefore we
will not discuss examples with #DD ≥ 3 in this paper.
The strategy explained above is enough to identify D-
brane configurations for the class A and AIII, which be-
long to the complex category in a K-theoretic sense. To
find D-brane systems for other eight classes, which corre-
spond to the real category, we need another object called
orientifolds (see (b) in Fig.1), which will be discussed
separately in the next section.
FIG. 1: (a) The Dp-Dq system realizing TIs/TSCs in the
complex case. (b) The Dp-Dq system with O-plane realizing
TIs/TSCs in the real case. (c) The intersecting Dp-Dq system
realizing a boundary in TIs/TSCs.
B. Class A
describe the D-brane construction of class A TIs. In
the D-brane construction outlined above, the system is
composed of a D5- and Dq-brane (p is fixed to be p = 5
by making use of T-duality). As mentioned earlier, we
require that the number of mass deformations is one,
#DD = 1, since TIs/TSCs should by definition have
gapless modes at the boundary (edge, surface, etc.). In
our D-brane construction, as we will come back later in
more detail in the section IID, putting a boundary in
a TI/TSC is realized by bending the Dp(=D5)-brane at
5the boundary so that it intersects with the Dq-brane in
an orthogonal way, as depicted in Fig. 1 (c). Massless
modes appear only if the bent D5-brane intersects with
Dq-brane along the d− 1 dimensional boundary. This is
only possible when #DD = 1 under generic situations.
In this case, we can take a D5-brane in type IIB
string theory which extends in the x0,1,2,3,4,5 directions
in ten-dimensional space-time without losing any gener-
ality. The massive fermions live on the d = q − 3 spacial
dimensions which are common to the D5- and Dq-branes.
We identify these configurations with the class A TIs in
spatial dimensions d = 0, 2, 4, as summarized in Table
V. Indeed this is consistent with the known topological
charge in Table I.
Among these, the most familiar example is the QHE
(class A in d = 2). In our construction, this is realized as
a D5-D5 system. By T-duality, this setup is equivalent to
the D3-D7 system studied in Refs. [32–34]. Since #ND =
6, open string excitations between the D5-branes give
rise to two Majorana fermions (Mj) or equivalently one
two-component Dirac fermion (Di), ψ, and no bosons.
For details of counting of fermions, refer to the appendix
A. The distance between the D-branes in x9 direction
(∆x9) is proportional to the mass m of the fermions.
The massive fermion is interpreted as an electron and
it couples to an electric-magnetic field Aµ, which is the
U(1) gauge field on the Dp(=D5)-brane.
The low-energy effective theory is schematically sum-
marized by the effective Lagrangian in the (2 + 1)-
dimensional common direction of the two D5-branes,
L = ψ¯[γµ(i∂µ −Aµ − A˜µ)−m]ψ + · · · , (2)
where the gamma matrices are given, in terms of the 2×2
Pauli matrices, by γµ=0,1,2 = σ3, iσ2,−iσ1, say. (We will
use σ0 to denote the 2× 2 identity matrix.)
Integrating out the massive fermions yields the CS
term
SCS =
k
8π
∫
A ∧ dA, k =
m
|m|
= ±1 (3)
where we set A˜ = 0 for simplicity. The Hall conductivity
is read off from the CS term for Aµ as
σxy =
k
4π
. (4)
When we change the sign of m by passing the Dq-brane
through the Dp-brane, the value of k jumps from −1 to
+1. If we instead putNf Dq-branes, we haveNf copies of
massive Dirac fermions ψi which couple with U(1) photon
field Aµ and U(Nf ) gauge fields A˜µ (when all Dq-branes
are coincident), leading to the Hall conductivity σxy =
Nfk/(4π).
It is indeed possible to derive the CS term (3) from
the Wess-Zumino (WZ) term of the D5-brane, which ex-
presses how D-branes couple to various Ramond-Ramond
(RR) fields. Notice that the low energy effective theory of
a D-brane is given by the sum of the Dirac-Born-Infeld
action and the WZ term. The former is a non-linear
analogue of the Yang-Mills action and is irrelevant in our
topological argument below. Since this d = 2 example
can be naturally generalized to the d = 0, 4 cases, be-
low we consider the WZ term of the D5-brane for general
dimensions d:
SWZ = µD5
∫
D5
C4−d ∧ e
2piα′F , (5)
where µD5 is the RR charge of the D5-brane and Cn is
the RR n-form potential and F = dA is the field strength
of the gauge field on the D5-brane. This is evaluated in
the presence of the Dq-brane as follows
SWZ = ±
1
2(2π)d/2(1 + d/2)!
∫
R1,d
Tr[A ∧ F
d
2 ], (6)
where we noted the fact that a Dq-brane induces a half
of the unit RR flux 2π
∫
S5−d dC5−d = ±1 since in our
setup the Dp-brane is located on either one of the two
sides of the Dq-brane, but it does not enclose the Dq-
brane completely. The sign in Eq. (6) depends on which
side of the Dq-brane the D5-brane is situated. If we set
d = 2 in Eq. (6), we obtain ± 18pi
∫
A ∧ F and this agrees
with (3). Notice also that a topological insulator with
the topological charge w ∈ Z is given by the one with
w copies of Dq-branes and thus has the topological term
given by w times (6).
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-
-plane
D3-braneAnti D3-brane
D7-brane
D7-brane
(mirror image)
­y
¯y
Bulk: Insulator     
[QHE]
Bulk: Insulator
[QSHE]
D7-brane
D3-brane
­y
e-
e-
e-
Electric Field
Electric Field
FIG. 2: Schematic description of the QHE (up) and the
QSHE (down) and their brane configurations (right) For the
presentational convenience, we took the T-duals of our previ-
ous brane setups. Refer to Table. IX.
C. Class AIII
Now let us turn to class AIII, which is characterized by
the presence of an extra symmetry, SLS. We argue that
6Class A:
0 1 2 3 4 5 6 7 8 9 d A
D5 × × × × × ×
D3 × × × × 0 Z (2 Mj)
D5 × × × × × × 2 Z (2 Mj)
D7 × × × × × × × × 4 Z (1 Di)
Class AIII:
0 1 2 3 4 5 6 7 8 9 d AIII
D4 × × × × ×
D4 × × × × × 1 Z (2 Mj)
D6 × × × × × × × 3 Z (2 Mj)
TABLE V: Dp-Dq systems for class A and AIII where p = 5
and q = 3, 5, 7 for A, and p = 4 and q = 4, 6 for AIII. The
D-branes extend in the µ-th direction denoted by “×” in the
ten-dimensional space-time (µ = 0, . . . , 9); d+1 is the number
of common directions of Dp-and Dq-branes; The last column
shows the Dq-brane charge, together with fermion spectra per
Dq-brane, where ”Nf Mj” or “Nf Di” represents Nf flavor of
Majorana and Dirac spinors, respectively [37].
SLS is equivalent to an invariance of the brane configu-
rations under inversion of a coordinate in the Dirichlet-
Dirichlet (DD) directions of open strings between the Dp
and Dq-branes. The existence of boundary gapless modes
is guaranteed only if we assume #DD = 2. If we take x1-
and x9-directions as the two DD directions, SLS requires
x1 = 0, which guarantees the Dp- and Dq-branes inter-
sect when the Dp-brane is bent toward the Dq-brane.
Indeed such a configuration is obtained by taking T-
dual of class A configurations in x1-direction (Table V).
Again, the fermion spectrum consists of two Majorana
fermions (=one Dirac fermion) for all dimensions, and
the mass of the fermion is, again, proportional to ∆x9.
This prescription completely agrees with what is ex-
pected from the Dirac fermion representatives of class
AIII TIs in Ref. [15]; The d-dimensional class AIII sys-
tem can be regarded as a dimensional reduction from the
(d+ 1)-dimensional class A system by setting one of the
components of the momentum to be zero.
In class AIII TIs/TSCs, the integral topological charge
is related to the coefficient of the topological term∫
F (d+1)/2. The coefficient gets shift by one unit by
sign flip m → −m of the fermion mass m. Consider,
as an example, the d = 3 case and assume that there are
Nf D6-branes. By integrating out the Nf massive Dirac
fermions, we find the following topological term for the
U(1) field strength [36]
m
16π2|m|
Nfπ
∫
R1,3
F ∧ F. (7)
Since we do not assume any time reversal symmetry in
this class, we can take θ any constant. Its physical con-
sequence is that if the system has a boundary, there exist
n massless fermions on its boundary.
D. Boundary Gapless Modes of TIs/TSCs
A defining property of TIs/TSCs is the appearance
of stable gapless degrees of freedom, when the system is
terminated by a (d−1)-dimensional boundary. The best-
known example is the (1 + 1)-dimensional edge state in
the QHE, i.e. class A in d = 2. The integer quantum
Hall edge state is a chiral (Weyl) fermion, and always
conducting even in the presence of strong disorder, as
far as the bulk topological character is not destroyed by
disorder.
Quite generally, we can model a boundary in TIs/TSCs
by considering a position dependent fermion mass term.
Let us consider a mass m = m(y) which changes along
one spatial direction, y-direction, say, and changes its
sign at y = 0, m(y) > 0 for y < 0, m(y) < 0 for y > 0,
and m(y) = 0 at y = 0. I.e., the mass function m(y) has
a kink at the boundary such as m(y) ∝ y when y is very
small, while m(y) is almost a constant in the bulk region.
Such kink or domain wall defines a (d−1)-dimensional
boundary (or interface) which is located at y = 0 and is
flat (straight) along the (d− 1) directions. The band gap
vanishes locally at the boundary m(y = 0) = 0. As well
known in the domain wall fermion or in the index theo-
rems of various forms, such topological defect (kink) in-
duces a fermion zero mode localized at the defect, which
in our context is a gapless fermion mode signaling a topo-
logical character of the bulk.
In our brane construction, the sample boundary can
be constructed by “bending” the Dp-brane toward the
Dq-brane, to create an intersection between these branes
(Fig. 1). This leads to a position-dependent fermion
mass, which changes its sign at the intersection as we
wanted. This increases #ND by two and the correct
number of massless fermions appears at the intersection.
For example, let us consider the boundary modes for
class A and AIII. By bending the Dp-brane world-volume
in Table V as we mentioned, we find the D-brane config-
urations with boundary as described in Table VI. If we
look at class A at d = 1, then we find a Weyl fermion and
this corresponds to the chiral fermion of the edge state
in the QHE.
III. D-BRANE CONSTRUCTION FOR REAL
CASE
To realize other eight “real” symmetry classes in string
theory, we need to implement either one of TRS or PHS,
or both. To respect PHS, which is equivalent to charge
conjugation invariance, we require the gauge fields Aµ
and A˜µ are not independent of their complex conjugates.
This is the same as the orientation (Ω) projection of
gauge theories on D-branes in string theory.
To realize TRS, we recall that it can be viewed as a
product of PHS and SLS [15]. As SLS in string theory
is interpreted as an invariance under a parity transfor-
mation in the transverse coordinates of D-branes, we can
7Class A (Boundary):
0 1 2 3 4 5 6 7 8 9 d A
D5 × × × × × ×
D5 × × × × × × 1 Z (1 Weyl)
D7 × × × × × × × × 3 Z (1 Weyl)
Class AIII (Boundary):
0 1 2 3 4 5 6 7 8 9 d AIII
D4 × × × × ×
D4 × × × × × 0 Z (2 Mj)
D6 × × × × × × × 2 Z (2 Mj)
TABLE VI: Intersecting Dp-Dq systems realizing a boundary
of class A and AIII TIs/TSCs.
interpret TRS as the multiplication of the complex con-
jugation and the parity transformation. This is precisely
what is called the orientifold projection in string theory.
In this way, both TRS and PHS are related to the
complex conjugation, and symmetry classes with either
TRS or PHS (or both) thus belong to the real category
from the K-theoretic viewpoint.
A. Orientifold Projection and Basic Strategy
Our strategy to find the D-brane configurations real-
izing TIs/TSCs in the eight real symmetry classes goes
quite parallel to the complex case studied in the previous
section. We consider cases with as minimal number of
DD directions as possible, either #DD = 1 or #DD = 2,
depending on the absence or presence of SLS, respec-
tively. This is so since cases with #DD ≥ 3 are either
unstable or lead to a system which can simply be viewed
as copies of the one with #DD ≥ 1, 2, as explained be-
fore.
The new ingredient in the real case is the presence of
specific orientifolds. An orientifold projection is a Z2 ac-
tion defined by the orientation reverse Ω followed by the
parity transformation of 9 − r coordinates xi → −xi,
where r runs from −1 to 9. The fixed point set of the Z2
action is a (r+1)-dimensional plane and called an orien-
tifold r-plane (Or-plane). In superstring theory, there are
two kinds of Ω projection: orthogonal (O) and symplec-
tic (Sp) types. They are distinguished by the different
actions on the N ×N matrix for N coincident D-branes.
Refer to [31] or the Appendix A of this paper for ba-
sics and especially to [38] for the analysis of orientifolds
in unstable D-brane systems. Accordingly, there are two
kinds of orientifold plane called Or−- (O) and Or+-plane
(Sp). When acting on the gauge fields on N Dp-branes
parallel to the orientifold plane, the orientifold projection
projects the original U(N) gauge group into the SO(N)
and Sp(N) gauge group, respectively. The T-duality in
the direction parallel to (orthogonal to) an Or±-plane
leads to an O(r − 1)± [O(r + 1)±]-plane, respectively.
Once we choose either Or−- or Or+-plane , we then
specify Dp-brane. We assume that the Dp-brane has al-
ways an integer K-theory topological charge. In other
words, the Dp-brane preserves supersymmetry in the
presence of Or-plane, though it is broken in general
when we add a Dq-brane later. On the other hand, for
the Dq-brane, we allow both supersymmetric and non-
supersymmetric configurations. The Dq-brane charge
is interpreted as the topological charges of TIs/TSCs,
which can be either Z or Z2, while the Dp-brane just pro-
vides an external gauge field which measures the topolog-
ical charges (or Berry phases) induced by the Dq-brane.
As opposed to the complex case, the ‘Dq-brane’ is not
always the standard Dq-brane with GSO projection of
open strings.
As an example, consider D-branes in type IIB string
with an O9−-plane, i.e. type I string theory [24]. The
D-brane charges are summarized in the Table III. The
D1, D5 and D9-branes all have the integer charge Z and
they are the standard BPS D-branes. On the other hand,
D(−1) and D7-brane are Z2-charged and they are inter-
preted as a brane-antibrane system, i.e., D(−1)-D(−1)
and D7-D7, respectively. An anti Dp-brane (Dp) carries
the opposite RR charge as compared with a Dp-brane
and can be regarded as a higher dimensional general-
ization of anti-particle. Notice that brane-antibrane sys-
tems in type II string theory include tachyons in the open
string spectrum [39]. However, in the presence of orien-
tation projection Ω, the tachyons are projected out and
these brane-antibrane systems are stable. If we consider
two copies of such a brane-antibrane system, then the
tachyon appears from the open string which connects be-
tween two different systems [27]. Therefore the D-brane
charge is given by Z2. Moreover, one may notice the D0
and D8-brane are also Z2 charged. These are described
by non-standard D-branes called non-BPS D-branes [40],
which are defined by not requiring any GSO projections
on the open strings attached on them. Note that only
odd integer p is allowed for Dp-branes in type IIB string
theory. Again the tachyons which appear in the absence
of the GSO projection, are eliminated by the Ω projec-
tion. Similar results can be understood for the O9+ by
shifting p → p + 4 and the results for other values of p
can be obtained by the T-duality transformation.
We can realize all eight symmetry classes by consider-
ing Dp-Dq systems in the presence of O9± or O8± [see
Fig. 1 (b)] as we will explain below. Though it is also
possible to proceed to the cases with Op±-planes, in such
systems we often encounter tachyonic instability due to
the open strings between Dp- and Dq-branes as we will
discuss later.
B. Class C and D
First consider the case with O9− or O9+ by requir-
ing #DD = 1, which guarantees the existence of gapless
modes at the boundary. While only O9− leads to su-
8persymmetric type I string theory, here we consider both
because the T-dual of O9+ is equivalent to Op+ planes
(p ≤ 8) in type II string theory. We can take p = 5
again and can identify the number of NN directions as
spacetime dimensions of TIs/TSCs, #NN = d+ 1. This
leads to the D5-Dq systems shown in Table VII. We can
identify these configurations as class C and D, which
are characterized by the presence of PHS. Notice that
these brane configurations are precisely the Ω projection
of the previous class A brane configurations, and Ω pro-
jection directly corresponds to imposing PHS. Moreover,
we can confirm that the D-brane charges agree with the
topological charges of TIs/TSCs correctly, and that the
fermion contents of these string theory realizations (de-
noted in the last two columns in Table VII either by “nf
Mj” or “nf Di” with nf an integer) perfectly agree with
the Dirac representative of TIs/TSCs constructed in Ref.
[15]. The gauge group on D5- and Dq-branes are also Ω
projected and the result is summarized as in Table IV.
For example, let us consider the d = 2 case. The class
C and D TIs/TSCs are described by Chern-Simons the-
ories with the Sp and O gauge groups, respectively. If
we restrict to the case with the minimum number of
Dq-branes, then the gauge group on the D5- and Dq-
branes are the same and it is SU(2) for class C, while it
is O(1) = Z2 for class D. We may view class C and D
TIs/TSCs in d = 2 as a close cousin of the QHE (class
A), in a sense that the underlying topological field the-
ories for these TIs/TSCs are the Chern-Simons theories
with gauge group Sp, O, and U, respectively.
C. Class AII and AI
In order to realize class AII and AI, we need to impose
TRS but not PHS. As we have explained, TRS corre-
sponds to the orientifold projection or equally the com-
bination of the Ω projection and parity. Thus we intro-
duce O8± instead of O9± and set p = 4. By requiring
#DD = 1 as there is no SLS in AII or AI, we obtain the
D-brane configurations as shown in Table VII (see also
Fig.2 for class AII in d = 2). As is clear from their D-
brane charge and the fermion spectrum, we can indeed
identify these configurations with the class AII and AI.
Though strictly speaking, the D-brane charges with an
Op-plane for p ≤ 8 are classified by KR-theory, the same
result can be obtained from KO-theory via T-duality for
our purpose [35].
D. Class CII, BDI, CI and DIII
The other four classes possess SLS and thus we need
to require #DD = 2 for the brane constructions. Thus
we can obtain their brane systems from the previous C,
D, AII and AI brane setups by shifting #DD in an ob-
vious way. They are summarized in Table VII and again
they reproduces the correct topological charges and the
fermion spectra. In our convention, the SLS is imposed
by requiring x9 = 0 for all of these classes.
E. Comments
Even though the ten-dimensional string theories in the
bulk are supersymmetric, our brane setups are not in gen-
eral. When #ND = 4, 8 with Z charge, they exception-
ally preserve a quarter of supersymmetries. In general,
when #ND = 4, there exist massive bosons in addition
to the massive fermions. This happens when d = 4 for
class A, C, AI, AII, and when d = 3 for class AIII, CII,
CI and DIII. Since #ND > 4 for all the other brane sys-
tems, we only have fermions from open strings between
the Dp- and Dq-branes and there are no tachyons.
In principle, we can take the T-duality further in NN
directions. This generates Dp-Dq systems in the pres-
ence of Or±-plane for r ≤ 7 as in Table VIII. This seems
to lead to theories with different properties than the ten
classes of TIs/TSCs. However, they have #DD ≥ 3 and
as we explained before, such systems are either unstable
because of open string tachyons, or essentially multiple
copies of the ten classes which we already constructed
from D-branes. Thus our D-brane construction repro-
duces precisely the ten fold classifications given in [15].
Note also that we have succeeded to realize all
TIs/TSCs in space dimensions d ≤ 4, even though string
theory lives in ten dimensions. This is so since we
need to consider the common spacetime of Dp- and Dq-
branes. The existence of boundary gapless modes re-
quires #DD ≥ 1 and the absence of tachyon argues
#ND ≥ 4. Thus we inevitably have the constraint
d = #NN− 1 = 9−#DD −#ND ≤ 4. (8)
F. Field Theory Content
We now describe the field theory content of our brane
systems in more details and their link to condensed mat-
ter systems.
1. primary series
First, let us focus on the diagonal in Table I, where
lie TIs/TSCs characterized by an integer topological in-
variant. These TIs/TSCs can be called “primary series”,
since lower-dimensional TIs/TSCs characterized by a bi-
nary topological invariant can be derived from them by
dimensional reduction. [8, 15] For d = 2n dimensional
TIs/TSCs, the relevant topological invariant is the Chern
invariant defined for the (non-Abelian) Berry connec-
tion in momentum space, while for d = 2n + 1 dimen-
sional TIs/TSCs, the relevant topological invariant is the
Chern-Simons invariant, and the winding number.
9Class C and D:
0 1 2 3 4 5 6 7 8 9 d C (O9−) D (O9+)
D5 × × × × × ×
D3 × × × × 0 0 Z2 (2 Mj)
D4 × × × × × 1 0 Z2 (1 Mj)
D5 × × × × × × 2 Z (4 Mj) Z (1 Mj)
D6 × × × × × × × 3 0 0
D7 × × × × × × × × 4 Z2 (2 Di) 0
Class CI and DIII:
0 1 2 3 4 5 6 7 8 9 d CI (O9−) DIII (O9+)
D5 × × × × × ×
D2 × × × 0 0 0
D3 × × × × 1 0 Z2 (2 Mj)
D4 × × × × × 2 0 Z2 (2 Mj)
D5 × × × × × × 3 Z (4 Mj) Z (1 Mj)
Class AII and AI:
0 1 2 3 4 5 6 7 8 9 d AII (O8−) AI (O8+)
D4 × × × × ×
D4 × × × × × 0 Z (4 Mj) Z (1 Mj)
D5 × × × × × × 1 0 0
D6 × × × × × × × 2 Z2 (4 Mj) 0
D7 × × × × × × × × 3 Z2 (2 Mj) 0
D8 × × × × × × × × × 4 Z (1 Di) Z (1 Di)
Class CII and BDI:
0 1 2 3 4 5 6 7 8 9 d CII (O8−) BDI (O8+)
D4 × × × × ×
D3 × × × × 0 0 Z2 (2 Mj)
D4 × × × × × 1 Z (4 Mj) Z (1 Mj)
D5 × × × × × × 2 0 0
D6 × × × × × × × 3 Z2 (4 Mj) 0
D7 × × × × × × × × 4 Z2 (2 Di) 0
TABLE VII: Dp-Dq systems for eight “real” symmetry
classes, where p = 5 for classes C, D, CI, DIII, and p = 4
for classes AII, AI, CII, BDI. For classes AII, AI, CII, BDI,
the O8-plane extends except x5 [37]. In these tables, Dp with
Z2 charge denotes a Dp − Dp system for p odd (or even) in
type IIB (or IIA) string theory, a non-BPS D-brane for p even
(or odd) in type IIB (or IIA) string theory.
As we have been emphasizing, our string theory con-
struction of TIs/TSCs naturally gives rise to gauge in-
teractions, together with massive fermions. For the pri-
mary series, the internal gauge group is O(1) = Z2. The
Z2 gauge theory is somewhat difficult to formulate in the
continuum spacetime – it is better put on a discretized
spacetime (lattice). In string theory, the Z2 gauge group
is visible when we consider a Wilson loop which is pro-
jected by the Z2 projection. The original Wilson loop
takes continuous values of U(1) but after the orientifold
projection it only takes Z2 values ±1.
The appearance of the Z2 gauge group is particularly
indicative, since there exist interacting bosonic models
defined on a lattice, which realize a topological phase
that is described in terms of (emergent) fermions inter-
acting with a Z2 gauge field. The microscopic model
was first introduced by Kitaev [41] for S = 1/2 spins
on the honeycomb lattice, and can be exactly solvable.
Since then, a huge number of generalizations/extensions
of the original Kitaev model has been discussed. The
original Kitaev model realizes, in the phase with bro-
ken TRS, a topological phase with non-Abelian statis-
tics, which can be described in terms of emergent Majo-
rana fermions in symmetry class D interacting with Z2
gauge field. Our string theory realization of the TI/TSC
in class D in d = 2 can be viewed as corresponding to
the honeycomb lattice Kitaev model in the non-Abelian
topological phase. A three-dimensional generalization of
the honeycomb lattice Kitaev model to the diamond lat-
tice was discussed in Ref. [42]. As in the original Kitaev
model, for a region of its phase diagram, the model real-
izes a topological phase which can be described in terms
emergent Majorana fermions in symmetry class DIII in-
teracting with Z2 gauge field. Again, our string theory
realization of the TI/TSC in class DIII in d = 3 can
be viewed as corresponding to (a proper supersymmetric
generalization of) this interacting bosonic model. (For
AII (d = 4) and AI (d = 0), there is 1/4 susy, and for
DIII (d = 3), there is 1/8 susy. For other TIs/SCs in the
primary series, there is no susy.)
2. first descendant
Let us now focus on TIs/TSCs with binary Z2 topo-
logical invariant lying beneath/immediate left to the pri-
mary series in Table I, i.e, BDI (d = 0), D (d = 1), DIII
(d = 2), and AII (d = 3). These TIs/TSCs can be ob-
tained from the primary series by dimensional reduction,
and therefore can be called the first descendant. The in-
ternal gauge group is O(1) = Z2 (Table IV). In our string
theory realization of TIs/TSCs, the first descendant is re-
alized by a D-brane with Z2 K-theory charge, which is
called a non-BPS D-brane [40].
a. the Z2 topological insulator (class AII in d = 3)
Among the Z2 TIs/TSCs of the first descendent is the d =
3-dimensional Z2 topological insulator in class AII which
is of most interest recently. The external gauge group for
this case is G = Sp(1) = SU(2) (Table IV). By moving
the Dp-brane away from O8-plane, this can further be
broken into its diagonal subgroup U(1), which couples
to fermions as an external “electromagnetic” U(1) gauge
field. In this case, after integrating out the fermions, the
θ term at θ = π,
m
16π|m|
∫
R1,3
F ∧ F (9)
will be induced, in agreement with Refs. [8, 43].
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3. second descendant
The Z2 TIs/TSCs lying beneath/immediate left to the
first descendent in Table I, i.e, D (d = 0), DIII (d = 1),
AII (d = 2), and CII (d = 3), can be called the sec-
ond descendant, since they can be obtained by dimen-
sionally reducing the primary series twice. For these Z2
TIs/TSCs the internal gauge group is U(1). In our string
theory realization of TIs/TSCs, the second descendant is
realized by a D-brane with a Z2 K-theory charge, which
is a bound state of a D-brane and a anti D-brane (so
called brane-antibrane system) [39].
For class D and DIII, the U(1) gauge field couples to
two real fermions which can be combined into a single
complex field. For class AII and CII, the fermion spec-
trum consists of 4 Mj. In this case, the external gauge
field is Sp(1) = SU(2), which couples to a doublet, ψ↑/↓.
Each has 2 Mj (=1Di) degrees of freedom and couples to
a U(1) internal gauge field.
a. the quantum spin Hall effect (class AII in d = 2)
Among Z2 TIs/TSCs in the second descendants, we now
take a closer look at a TI in class AII in d = 2, which
is the QSHE described in Fig. 2. The low-energy effec-
tive theory of the Dp-Dq system is summarized by the
following effective Lagrangian
L = ψ¯[γµ(i∂µ −Aµ − A˜µ)−mM ]ψ + · · · , (10)
where ψ = (ψ↑, ψ↓)
T , and M is a diagonal mass ma-
trix whose eigenvalue is ±1 for ψ↑/↓, respectively. The
gamma matrices and mass matrices are given, in terms
of two sets of the 2× 2 Pauli matrices σ1,2,3 and τ1,2,3 by
γµ=0,1,2 = σ3 ⊗ τ0, iσ2 ⊗ τ0,−iσ1 ⊗ τ0, and M = σ0 ⊗ τ3,
say. The 4 × 4 Dirac Hamiltonian of the same type has
been widely discussed as a model of the QSHE [1, 4]
The edge mode of the QSHE consists of odd number of
Kramers pairs, which is just one for the Dirac model (10).
The gauge group of this theory isG×G˜ = SU(2)×U(1),
i.e., the gauge field Aµ on the Dp-brane is SU(2), while
A˜µ on the Dq-brane is U(1). The U(1) gauge field can be
interpreted as the usual electric-magnetic field, while the
SU(2) can be viewed as a (fictitious) gauge field which
couples to the SU(2) spin. Below we only consider the
third component (proportional to τ3) of the SU(2) gauge
field A3µ. By integrating out the bi-fundamental fermions
ψ, we find the double Chern-Simons action (Aµ = A
3
µ),
SdCS =
1
8π
∫
(A+ A˜) ∧ d(A+ A˜)
−
1
8π
∫
(A− A˜) ∧ d(A− A˜)
=
1
2π
∫
A ∧ dA˜. (11)
From the effective action we can find the QSHE,
jµspin =
1
2
δSdCS
δAµ
=
1
4π
ǫµνρ∂νA˜ρ, (12)
#DD (O9−,O9+) (O8−,O8+) (O7−,O7+) (O6−,O6+) (O5−,O5+)
0 Chiral
1 (C,D) (AII,AI)
2 (CI,DIII) (CII,BDI) (DIII,CI)
3 d ≤ 2 d ≤ 2 d ≤ 2 d ≤ 2
4 d ≤ 1 d ≤ 1 d ≤ 1 d ≤ 1 d ≤ 1
TABLE VIII: Dp-Dq systems in the presence of an O-plane;
“Tac” represents the presence of tachyons in open strings be-
tween Dp and Dq at least when d = 3; “d ≥ 2” means the
constraint of possible spatial dimensions d in the brane sys-
tems. This is due to either an absence of corresponding brane
systems or tachyonic instability. “Chiral” denotes the exis-
tence of chiral fermions and is interpreted as boundary (edge)
states. The horizontal direction is shifted by a T-duality in
the NN direction.
Class AII:
0 1 2 3 4 5 6 7 8 9 d AII
O3− × × × ×
D7(=Dp) × × × × × × × ×
D1 × × 0 Z (4 Mj)
D2 × × × 1
D3 × × × × 2 Z2 (4 Mj)
D4 × × × × × 3 Z2 (2 Mj)
Class AII (Boundary):
0 1 2 3 4 5 6 7 8 9 d AII
O3− × × × ×
Edge D7 × × × × × × × ×
D3 × × × × 1 Z2 (2 Mj)
D4 × × × × × 2 Z2 (2 Mj)
TABLE IX: D-brane configurations for class AII TIs in a
T-dualized setup (top) and the brane construction of their
boundary gapless modes (bottom). Here, D3 and D4 express
a D3-D3 system and a non-BPS D4-brane, respectively.
where the factor 1/2 comes from the basic fact that the
spin of an electron is ~/2. (See for example, Refs. [44,
45].)
4. TIs/TSCs with 2Z topological charge
Finally, for TIs/TSCs labeled by 2Z in Table I, i.e.,
AII (d = 0), CII (d = 1), C (d = 2), and CI (d = 3),
the gauge group is G × G˜ = SU(2) × SU(2), with 4 Mj
fermions in bi-fundamental.
An interesting example of TSC in class C (d = 2) is the
d + id-wave SC, which is spin singlet with broken TRS
[46, 47]. A lattice model of three-dimensional topological
SC in class CI, which is spin singlet and invariant under
time-reversal, was constructed in Ref. [22].
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G. Boundary Gapless Modes of TIs/TSCs
As in the complex case, boundary modes of the real
case can be realized as an intersecting Dp-Dq system.
Here let us focus on class AII. For convenience, we take
T-duality of the setup in Table VII in five ND directions,
and consider the setup in the first table in IX, whose
sketch is depicted in Fig. 2. Intersecting Dp-Dq systems
describing the boundary of class AII TIs can then be
obtained by exchanging x1 and x9 for the D7-brane, as
in the second table in IX.
The analysis on the open string spectrum shows that
the edge mode in d = 2, i.e. the QSHE, is not chiral
as opposed to class A TIs as expected. Indeed, the Dq-
brane is now given by the D3-D3 brane-anti-brane system
(see Sec. III A) and its intersection with the bent D7-
brane leads to left and right-moving fermion on the 1+1
dimensional boundary (see Fig. 3).
We can also see that the edge state configurations
shown in Table IX are actually unstable because the D7-
brane bent toward the O3-plane is reflected back as an
anti D7-brane at the O-plane. Since we inevitably have
a parallel D7- and D7-brane at the same time, this sys-
tem has in general tachyons and is unstable unless we
fine tune its intersection angle. This actually is nothing
but requiring TRS, since the open string tachyon field T
is odd under time-reversal. This can be regarded as an
example where the presence of interactions non-trivially
change stabilities of topological insulators. A similar in-
stability occurs for class AI, CII and BDI.
O3- D3Anti D3 D7-brane
D7-brane
(mirror image)
L
 
R
 
FIG. 3: The brane configuration of the edge state of the QSHE
(class AII in d = 2).
IV. CONCLUSIONS
The tenfold classification of TIs/SCs was derived previ-
ously by several different approaches. One of the reason-
ings in Ref. [15] that leads to the classification is the so-
called boundary-to-bulk approach; i.e,. exhaustive study
of non-Anderson localized state at boundaries which sig-
nals the existence of the topological bulk theory. On the
other hand, Kitaev proposed K-theory approach for the
classification. Our string theory realization of TIs/TSCs
can be thought of yet another derivation of the tenfold
classification. It is quite compelling that all different ap-
proaches give the identical table.
It is worth while mentioning that the construction of
TIs/TSCs from Dp-Dq systems is highly constrained in
the following sense: Dp-Dq systems which do not cor-
respond to a bulk TI/TSC or a boundary of a TI/TSC
(i.e., an intersecting Dp-Dq system) suffer from the exis-
tence of tachyons in the open string spectrum or are just
multiple copies of the minimal fermion systems for the
ten classes.
It is also interesting to note that, for the Dirac rep-
resentative of TIs/TSCs which are constructed system-
atically in Ref. [15], the momentum dependence of the
projection operator of Bloch wavefunctions, which is one
of key ingredients in the classification of TIs/TSCs, looks
quite similar to the spatial profile of the tachyon field in
string theory in real space [24, 25].
One of the implications of our D-brane construction
of TIs/TSCs is the underlying field theory description.
When a charge of some sort is conserved, one can de-
scribe the topological phase in terms of effective field
theory for the linear responses, but this is not always
the case. For example, the d = 2-dimensional p-wave SC
is one of representative and most important topological
phases in d = 2, but its description in terms of field the-
ory is not yet clearly understood, partly because there is
no conserved quantum number. An effective (topologi-
cal) field theory description, if exists, suggests the topo-
logical phase in question is robust against several per-
turbations, in particular against interactions. D-branes
not only carry a K-theory charge which is necessary to
describe topological phases, but they also come with the
WZ term. This sheds a light on field theory description
of TIs/TSCs in all symmetry classes.
Finally, to put our D-brane construction in a perspec-
tive, we can consider holographic descriptions of these
systems by extending the constructions in [33, 34] in prin-
ciple, though it is not possible to take the large-N limit
of Z2 charged D-branes. For a closely related holographic
construction of fractional topological insulators, refer to
the recent paper [48]. It would be interesting to holo-
graphically calculate the entanglement entropy [49] as it
is expected to distinguish various topological phases, in-
cluding topological insulators/superconductors [50].
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Appendix A: Overview on the Calculations of Open
String Spectra
In this appendix, we give an overview on how to cal-
culate the fermion spectrum (the number of fermion
species) arising from open strings between Dp- and Dq-
branes. We neglect all stringy modes and focus on the
low energy limit. For more details, refer to textbooks,
e.g., Ref. [31].
1. D-branes in Type II String Theory (Complex
Case)
We first consider unoriented strings and do not impose
the orientifold projection. If we set #ND = 2k, then
the number nF of independent components of on-shell
complex fermions in the Dp-Dq system is given by
nF = 2
5−k ×
1
2
×
1
2
= 23−k, (A1)
where each of the three factors describe the degeneracy
of the fermion zero modes in NN and DD directions, the
GSO projection, and the Dirac equation constraint, re-
spectively. The mass of these fermions are proportional
to the distance between the Dp- and Dq-branes. Notice
that this counting has already taken into account the two
orientations of the open string. For example, for the D5-
D5 system with k = 3, we find nF = 1, i.e. one complex
fermion in 2 + 1 dimensions. If we consider the D1-D9
system, we have k = 4 and thus find nF = 1/2, which
means one chiral left-moving fermion in 1+1 dimensions.
In the case where #ND = 2k−1, the Dq-brane is a non-
BPS brane [40], which is defined by a D-brane without
the GSO projection. We thus get
nF = 2
5−k ×
1
2
= 24−k. (A2)
2. Orientifold Projections (Real Case)
We now consider oriented strings to describe the real
case, and take into account the orientifold projection (de-
noted by Ω). The Ω projection in the csae of the O9-plane
acts on Dp-branes as follows
Ω|Dp〉 = |Dp〉, p = −1, 3, 7
Ω|Dp〉 = |Dp〉, p ∈ others (A3)
where |Dp〉 and |Dp〉 are the boundary states of Dp-brane
and anti Dp-brane, which express the D-brane states in
the closed string Hilbert space. This is simply because
in type I string theory, the 0 and 4-form RR fields are
projected out. In order to understand the action of Ω on
open string spectrum, we need to introduce the action of
Ω on the Chan-Paton factor. There are two possible ac-
tions: SO (called O9−-plane) and Sp (called O9+-plane)
type. Each of them is defined by the action on the Chan-
Paton matrix Λ:
Λ→ γΛTγ−1, (A4)
with
γSO = 1, γSp = σ2 ⊗ 1. (A5)
In addition we need to take into account (A3). As clear
from the definition, the dimension of the Chan-Paton ma-
trix for the Sp projection has to be even.
For example, for a D1-brane, the massless bosonic
modes (the gauge field Aµ and the transverse scalars φ
i)
obey the following projection in the presence of O9−-
plane:
ATµ = −Aµ, (φ
i)T = φi, (A6)
where the minus sign in front of the gauge field is due to
the Ω action on the world-sheet oscillators. This leads
to the gauge group SO(N). On the other hand, in the
presence of O9+-plane, we have the projection
γSpA
T
µγSp = −Aµ, γSpφ
T
i γSp = φi, (A7)
from which we obtain the gauge group Sp(N).
On the other hand, if we are interested in the open
string between two different D-branes, then the Ω projec-
tion just relates the two open strings extending opposite
directions. If we define Ψ12 as a field from such a open
string, this projection is explicitly given as follows
γ1Ψ
T
12γ
−1
2 = aΨ21, (A8)
where a can be ±1 or ±i. Thus this just reduces the
original degrees of freedom by half.
Let us now consider the fermion spectra in the D5-Dq
system. To find the spectrum, it is important to note that
the non-BPS D-branes do not have any GSO projection
and lead to Majorana instead of Weyl fermions. Also
we should note that the D5-D3 system with O9+-plane
(class D) and the D5-D7 system with O9−-plane (class
C) should be understood as the Ω projection of the D5−
D3 − D3 and D5 − D7 − D7 system in type IIB string.
Another important fact is that there are two D5-branes
coincident in the case of O9−-plane and so we have to
double the spectrum in this case. These considerations
lead to the fermion spectra summarized in Table V and
Table VII.
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